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0. Summary 

Let C be the ground field of complex numbers. Let 1 < /c < r be 
integers. Tlie Grassmannian G(P'', P"") of projective fc-planes in P"" can 
be viewed as tfie moduli space of (unparameterized) regular maps from 
P'^ to P"" of degree 1. Let Mpk(P'",d) be the coarse moduli space of 
(unparameterized) regular maps /i : P^ satisfying /i*((9pr(l)) = 

Opk{d). Two maps 

^ . pk ^ pr^ ^' ,p^^ pr 

are equivalent for the moduli problem if there exists an element a G 
PGLk+i satisfying fi'oa = fi. If /i : P**^ — P"" is a non-constant regular 
map, it is easy to show that dim{Im{ji)) = k and /i : P'^ — Im(/i) 
is a finite morphism. The space Mpk(P'",d) is a natural non-linear 
generalization of the Grassmannian. 

In section ([^), Mpk(P'",d) will be constructed via Geometric In- 
variant Theory. Mpk(P'",d) is an irreducible, normal, quasi-projective 
variety with finite quotient singularities. Let Ai(^Mpk(P'' , d)^ (g) Q be 
the Chow group (tensor Q) of z-cycles modulo linear equivalence. Since 
the space Mpk(P'", d) has finite quotient singularities, the Chow groups 
0(Aj Q) naturally form a graded ring via intersection. Since Q- 
coefficients are required for the intersection theory, all Chow groups 
considered here will be taken with Q-coefficients. Let Ch{k,r,d) de- 
note the Chow ring of Mpk(P'",d). The ring Ch{k,r, 1) is simply the 
Chow ring of the linear Grassmannian G(P'',P'"). The main result of 
this paper is a determination of Ch{k, r, d). 
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Theorem 1. There is a canonical isomorphism of graded rings 
A : Ch{k,r,d) ^ Ch{k,r,l). 



Let Mo,„(P'", d) be the coarse moduh space of n-pointed Kontsevich 
stable maps from a genus curve to P'". Let Mo,„(P'", d) C Mo,n(P'", d) 
denote the non-empty open set corresponding to ra-pointed, stable maps 
from P-*- to P"". The complement of Mo,n(P'", d) in Mo,ra(P'", d) consists 
of the stable maps with reducible domains. A foundational treatment 
of these moduli spaces of pointed stable maps of genus curves can be 
found in [K], [KM], and [FP]. The spaces Mo,o(P^d) and Mpi(P^d) 
are identical. The following corollary is therefore a special case of 
Theorem (0). 

Corollary 1. The Chow ring (with Q- coefficients) o/ Mo,o(P'", d) is 
canonically isomorphic to the Chow ring of the Grassmannian G(P"'", P"") 

Corollary (|^) is related by loose analogy to results and conjectures 
on the Chow ring of Mg. C. Faber has studied the subring of the 
Chow ring of Mg generated by certain geometric classes. Faber has 
conjectured a presentation of this subring (which may be the entire 
Chow ring of Mg). The conjectured ring looks like the cohomology 
ring of a compact manifold - for example, it satisfies Poincare duality. 
Mo,o(P'"5d) C Mo^olP"", d) is a zero-pointed open cell analogous to 
Mg C Mg. Corollary (|T]), then, is analogous to Faber's conjectures. 

In [CP], the Poincare polynomial of Mo,n(P'^,d) is computed. The 
virtual Poincare polynomial of Mo,o(P'^,d) is needed as a preliminary 
result. It was found the virtual Poincare polynomial of Mo.o(P'^,d) 
is essentially the Poincare polynomial of G(P"'^,P'"). This observation 
provided the starting point for Theorem ([l|). Thanks are especially due 
to E. Getzler for many discussions about the geometry of the space 
Mo,o(P'")d). The theory of equivariant Chow groups ([EG], [T]) plays 
an essential role in the proof of Theorem (|I]). The author wishes to 
thank D. Edidin, W. Graham, and B. Totaro for the long discussions 
in which this theory was explained. The author has also benefitted 
from conversations with P. Belorouski, W. Fulton, and H. Tamvakis. 
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1. Mpk(P'-,d) 



A family of degree d maps of P'' to P"" consists of the data (tt : P — > 
S, ^ : V ^ P"") where: 

(i.) S* is a noetherian scheme of finite type over C. 

(ii.) vr : P — >■ 5 is a fiat projective morphism with geometric fibers 
isomorphic to P''. 

(iii.) The restriction of /i*((9pr(l)) to each geometric fiber of tt is iso- 
morphic to Opk{d). 

Two famihes of maps over S, 

are isomorphic if there exists an isomorphism of schemes a : V ^ V 
such that 

H = jj! o a, TT = n' o a. 

Let A^pk(P'', d) be the contravariant functor from schemes to sets de- 
fined as follows. A^pk(P'',d) (S) is the set of isomorphism classes of 
families over S of degree d maps from P*' to P"". 

A coarse moduli space Mpk(P'",d) is easily obtained via Geometric 
Invariant Theory. Care is taken here to exhibit Mpk(P'",d) as a quo- 
tient of a proper GLk+i-action with finite stabilizers. In section 
the equivariant Chow groups of this GLk+i-action will be analyzed. 

Let 

^7(A;,r,rf)c0i^°(P^Opk(d)) 



be the Zariski open locus of basepoint free (r + l)-tuples of polynomials. 
There is a natural GLk+i-action on 0q H^(P^, (9pk(d)) obtained from 
the naturally linearized action of GLk+i on P'^. This GLk+i-action 
leaves U{k,r,d) invariant. Note, since every regular map /i : P'' — > P"" 
is finite onto its image, GLk+i acts with finite stabilizers on U{k, r, d). 

Let 1 = C be a 1 dimensional complex vector space with the trivial 
GLfc+i-action. Let Det be the 1 dimensional determinant represen- 
tation of GLk+i- For convenience, let Z denote 0o -ff*^(P'', Cpk(d)). 
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There is a GLfc+i-equivariant inclusion 

U{k, r, d) C P(Det ® (1 © Sym'i(Z) © Z)) 
obtained by the following equation: 

e G f/(A;, r, rf) ^ [ 1 ® (1 © © • • ■ © © ]• (1) 

The representations Det and Sym'^{Z) in ([l|) occur to obtain the cor- 
rect G.I.T. linearization. The final Z factor occurs to insure ([l|) is an 
inclusion (consider scaling U{k, r, d) by a constant g^'^-root of unity). 

Lemma 1. Consider the naturally linearized action of GLk+i on 

p(Det© (l©Sym'i(Z)©Z)). 

Then, for q> k + 1, 

/ , , , X \ stable 

f/(fc,r,rf)cP(Det© (l©Sym'i(Z)©Z)) 

Proof. The Lemma is a consequence of the Numerical Criterion of sta- 
bility. A development of Geometric Invariant Theory can be found in 
[MFK] and [N]. Let V^+i be a (fc + l)-dimensional C- vector space such 
that P'^ = P(Vk+i). Let v = Vq, . . . , f a; be a basis of Vk+i with integer 
weights Wo,... ,Wk (not all zero). Let G U{k,r,d) correspond to a 
basepoint free map determined (in the basis v) by [/o, • • • , fr] where 
each /; is an an element of Sym'^(Vj*_^i). The diagonal coordinates of 

e e P(Det © (1 © Sym^(Z) © Z)) 

with respect to the C*-action determined by the weights and basis v 
are the following: 

1 © 1 e Det © 1, 
1 © (e ® ■ ■ ■ ® e ^et © 5i/m«( Sym^iV:^,)) , (2) 



l0^eDet0{^Sym\V,\,)). 



The weight of 1 © 1 G Det © 1 is Y^o u^i. Since the polynomials {fi} do 
not simultaneously vanish at [1,0,... ,0] G P**^, one of the coefficients 
of ^0*^ among the polynomials {/;} must be non-zero. Similarly non- 
zero coefficients of f . . . , vl'^ can be found among the polynomials 
{/;}. Therefore, the terms 

1 © (t;f © ■ ■ ■ © V*/) (3) 
occur in (|^) and have weight —qd ■ Wj + Yo i^i- 
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There are now two cases. First assume Y^'^i > 0, then 1 ® 1 has 
positive weight. If Y^o i^i < 0, there must exist j such that Wj < 0. Let 
Wj be the negative weight of greatest absolute value. Hence, for all i, 
if Wi < 0, then —Wj + Wi >0. Finally, since q > k + 1, 

k 

—qd ■ Wj + '^Wi > 0. 



The term (|^) therefore has positive weight. The Numerical Criterion 
implies is a stable point for the GLk+i-action. □ 

As a consequence of Lemma (|l|), U{k, r, (i)/GLk+i exists as a quasi- 
projective variety. Standard arguments show that the space 

Mpk(P^d) =U(k,r,d)/GLk+i 

has the desired functorial properties. Note: the family of maps 

{tt-.V ^S, /i : P ^ P"") (4) 

may not be a Zariski locally trivial P'^-bundle over S. A Galois cover 
construction is required to obtain the canonical algebraic morphism 

5^Mpk(P^d) (5) 

induced by the family (^). Alternatively, one can define a map to 
Mpk(P'",d) locally in the etale topology on S. The morphism (j^) is 
then obtained via descente. Since Mpi(P'', d) and Mo^o(P'"5 d) coarsely 
represent the same functor, these spaces are canonically isomorphic. 

Since U{k, r, d) is nonsingular, contained in the stable locus, and the 
GLfc+i-action has finite stabilizers, Luna's Etale Slice Theorem can be 
applied to conclude Mpk(P'',d) has finite quotient singularities (see 
[L]). Luna's Theorem requires a characteristic zero hypothesis. 

Finally, since U{k, r, d) is equivariant and contained in a G.I.T. stable 
locus, the group action 

GLk+i X U{k, r, d) U{k, r, d) (6) 

is a proper action. This is established in [MFK], Corollary (2.5). The 
properness of the action (H) is needed in section (|). 
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2. The Homomorphism A : Ch{k,r,d) Ch{k,r,l) 



Let z/ : P'" ^ P"" be a regular map satisfying i/*(Cpr(l)) = Opr{d). 
The map u induces a canonical morphism t^, : G(P'^, P'") Mpk(P'", d) 
by the following considerations. Let tc : V G(P'^, P"") be the tauto- 
logical P'*^-bundle over the Grassmannian. Since 

p c G(p^ p"-) X p^ (7) 

there is a canonical projection t] : V P"". Let fi : V ^ P'^ he 
determined hj fi = u o rj. The family 

(tt : P ^ G(P'^, P^), /i : P ^ P"-) (8) 

is a family over G(P'',P'') of degree d maps from P*^ to P'". Since 
Mpk(P'", d) is a coarse moduli space, the family (H) induces a morphism 
from the base to moduli: 

:G(P^P'•)-^Mpk(P^d). 

Let r* be the ring homomorphism induced by pull-back: 

T* : Ch{k,r,d) Ch{k,r,l). 

Since Mpk(P'",d) has finite quotient singularities, the pull-back map 
r* is well defined (see [V]). 

Proposition 1. The homomorphism r* does not depend upon v and 
is a graded ring isomorphism. 

Let A : Ch{k,r,d) Ch{k,r,l) be the ring isomorphism r* for any 
regular map z/. Theorem (|l|) is a consequence of Proposition (|l]). 

The proof of Proposition (|I]) will be undertaken in several steps. 
First the independence result will be established in Lemma (^. A sur- 
jectivity Lemma will be also be proven in this section. The injectivity 
of r* will be proven in section (|^). 

Lemma 2. The homomorphism r* does not depend upon v. 

Proof. Let f/(r, r, d) C ®l H^{V\ Cpr(d)) be the Zariski open locus of 
basepoint free (r + l)-tuples of polynomials as defined in section 
There is a tautological morphism 

vu ■■ U{r,r,d) x P"" P^ 
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The tautological family (|^ over the Grassmannian pulls-back to a tau- 
tological family Vu over 

G(P'',PO X U(r,r,d). 

Vu is equipped with a canonical projection 

Let fiu = uu orju- The map fiu defines a family of degree d maps from 
P'^ to P"" over G(P^, P"") x U(r, r, d). There is an induced map 

Tu : G(P'',P") X U(r,r,d) ^ Mpk(P^d). 

The morphism t,^ is induced by the composition of the inclusion 

: G(P^,P'-) ^ G(P'^,P'-) X [u] C G(P^,P") X U(r,r,d) 

with Tu- Hence, t* = i* o rj} Since U{r,r,d) is an open set in affine 
space, = iu' for any two maps [z/], [z/'] G U{r,r,d). □ 

If k = r, then G(P'", P"") is a point and r* is surjective. Assume 
k < r. Let 1 < J < r — fc. Let Hj C P"" be a linear subspace of 
codimension k+j. Define an algebraic subvariety C{Hj) C Mpk(P'", d) 
by the following condition. C{Hj) is the set of maps that meet Hj. 
C{Hj) is easily seen to be an irreducible subvariety of codimension j in 
Mpk(P'", d). There is a natural GLr+i-action on Mpk(P'", d) obtained 
from the symmetries of P'". Let ^ G GLr+i. Certainly 

a c{H,)) = c{ an,) ). 

Since GLr+i is a connected rational group, the class aj of C{Hj) in 
the Chow ring Ch{k,r,d) is well-defined (independent of Hj). 

Lemma 3. The pull-back of the class aj for 1 < j < r—k is determined 
by: 

r:{a,) = d'^^ -a,. 

Proof. Let : P^ ^ P^ be a fixed morphism satisfying z/*((9pr(l)) = 
0pr((i). Let Hj C P"" be a general (with respect to u) linear space. By 
Bertini's Theorem, v~^{Hj) is a nonsingular complete intersection of 
k + j hypersurfaces of degree d in P"". The set theoretic inverse image 
T:j^{C{Hj)) is the set of /c-planes of P"" meeting v'^i^Hj). A simple 
tangent space argument shows that the scheme theoretic inverse image 
T^^{C{Hj)) is generically reduced. Hence, 

r:{a,) = [r;\C{H,))]eCh{k,r^). 

It remains to determine [t^J^ {C {H j))] G Ch{k,r, 1). 
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Recall TV : V ^ G(P'',P'") is the tautological P'^-bundle over the 
Grassmannian. Let L be the Chern class of the line bundle ?7*((9pr(l)) 
on v. The following equations hold: 

These equations imply T*{aj) = d!'^^ ■ (Xj. □ 

Consider the d = 1 case, G(P'',P'") = Mpk(P^l). There is a 
tautological bundle sequence on G(P'',P''): 

^ ^ C"+^ ^ Q ^ 

Q is a bundle of rank r — k. For 1 < j < r — A;, let Cj{Q) G Ch{k, r, 1) 
be the j^^ Chern class of Q. It is well known that 

Also, the classes Cj{ff) G Chik, r, 1) generate Ch{k, r, 1) as ring. These 
facts can be found, for example, in [F]. Therefore, the following Lemma 
is a consequence of Lemma . 

Lemma 4. The homomorphism r* : Ch{k,r,d) — > Ch{k,r,l) is sur- 
jective. 

In fact, the subring of Ch{k,r,d) generated by cxi,... ,crr-k surjects 
onto Ch{r, k, 1) via r*. 

3. Generation of r, d) 

In order to complete the proof of Proposition (^, results on the gen- 
eration of Ch{k, r, d) are needed. In this section, a special argument in 
the k = 1 case is developed. In sections (^-(§1), a general generation 
argument using the theory of equivariant Chow groups is established. 
The general argument also covers the k = 1 case. The special method 
for the k = 1 case involves a natural stratification of Mpi{P^, d). Un- 
fortunately, this stratification does not easily generalize when k > 1. 

Let < j < r — 1. Let ctq G Ch{l, r, d) be the unit (the fundamental 
class). Let cr^yo be the class defined in section (||). 

Proposition 2. The elements ai-aj (0 < i < j < r — 1) span a Q-basis 
ofCh{l,r, d). 
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The proof of Proposition (0) uses the 3-pointed moduh space of maps 
Mo.3(P'",d). Let 1,2,00 G P"*" be three marked points. There is a 
natural isomorphism: 

Mo,3(P^ d) = P(U) = U(l, r, d)/e C P(0 H°(P\ Opi (d))) 

(9) 

where U{1, r, d) is the basepoint free locus (see section (|l])). An element 
of P(U) corresponds to a degree d map from P-*- to P"" with the three 
markings 1,2,cxd G P"*". A map [fi] G Mo,3(P'",d) corresponds to a 
point in P(U) by identifying the three markings of [fi] with the points 
1, 2, 00 G P"*". A tangent space argument shows this identification is an 
isomorphism of schemes (both are non-singular varieties). 

The proof of Proposition (^ is a refinement of the methods that 
appear in [P]. For < j < r — 1, let if, C P"" be a linear space of 
codimension 1 + j. For < a, 6 < r - 1, let C{Ha, H^) C Mo,o(P^ d) 
be the subvariety of maps meeting Ha and Hj, (where Ha and H^ are 
in general position). A simple argument shows the equation 

[C{Ha,H,)] = aa-ak 

holds in Ch{l, r, d). Note: intersection with the hyperplane Hq imposes 
no condition on the maps. In particular, C{Ho,Hq) = Mo,o(P'",d). 

Lemma 5. Let < a,b < r — 1. Assume (a, b) 7^ (r — 1, r — 1). Let 
Ha, Hf, C P"" be linear spaces of codimension 1 + a, 1 + 6 in general 
position. Let Ha+i C Ha, H^+i C H^ be linear spaces of codimension 
1. The natural map 

C{Ha+l,H,) U C{Ha,H,^i) U C{Ho,HanHh)^C{Ha,H,) 

(10) 

yields a surjection on Chow groups of proper codimension in C{Ha, Ht). 
If the linear spaces Ha+i, -f^b+i, or HaHHb are empty, the corresponding 
cycle on the left in ( |7^ j is taken to be empty. By the assumption 
(a, 6) 7^ (r — 1, r — 1), not all cycles are empty. 

Proof. Let F be a hyperplane in general position with respect to Ha 
and Hb. Let N = Mo,3(P^ d) and M = Mo,o(P^ d). Let A^, M be the 
unbarred moduli spaces. Let Cj : A^ ^ P"" be the natural evaluation 
maps for the markings 1 < i < 3. Let 

X = e^\F)ne^\Ha)ne^\Hh). 
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X is closed subvariety of N . The natural forgetful morphism p : X ^ 
M is proper. Also p{X) n M = C{Ha, Hb). Let Z C C{Ha, Hi) be the 
open set of p{X) corresponding to Kontsevich stable maps satisfying 
the following conditions: 

(i.) The domain curve is P"*". 
(ii.) The map meets Ha and Hi,. 

(iii.) The map does not pass through F fl Ha, F fl Hi,, or Ha fl Hb. 

Let [p\ E Z he a. element. By condition (iii), the image Im{p) C P"" 
can not be contained in F, Ha, or Hi,. Moreover, by (iii), p~^{Z) C N. 
Hence, the map p~^{Z) Z has finite fibers. Since p~^{Z) — Z is a 
proper morphism with finite fibers, it is a finite morphism. Therefore, 

if Ai{p-^{Z)) ® Q = 0, then Ai{Z) ® Q = 0. 

The set p~^{Z) C N = P(U) (see (^ above) is isomorphic to a quasi- 
projective variety in P(0o H°(P-'-, (9pi(d))). The quasi-projective sub- 
variety 

p-i(z)cp(eH°(Psop.(d))) 



can be identified as follows. Let Li C P(U) correspond to maps fi : 
P-*- —> satisfying /i(l) G F. Let L2, be the linear subspaces in 
P(U) where p{2) e Ha, p{oo) G H^. Let Li n L2 n Loo = / C P(U). 
Let D G I he the union of the three hypersurfaces of maps meeting 
the linear spaces F fl Ha, F fl H^, and Ha fl Hf, respectively. Since 
(a, 6) 7^ (r — l,r — 1), FClHa or FClHb is non-empty. Therefore, D G I 
is a subvariety of codimension 1. Then 

p-\Z) = I\D. 

I is an open set of a linear subspace of P(0qH°(P-'^, Opi(d))). Since 
D is of codimension 1 in /, all the Chow groups of p~^{Z) of proper 
codimension vanish. Hence all the Chow groups (tensor Q) of Z of 
proper codimension also vanish. 

By definition, Z G C{Ha,Hi,). The complement of Z in C{Ha,Hb) 
is the set of maps meeting F fl Ha, F fl Hb, or Ha fl Hb. Therefore, the 
complement of Z in C{Ha, Hb) is the union of three cycles: 



C{FnHa,Hb) U C{Ha,FnHb) U C{Ho,HanHb). (11) 
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Since the Chow groups of Z vanish in proper codimension, the Chow 
groups of the union (|Tl|) surject onto the Chow groups of C{Ha,Hb) 
(in proper codimension). □ 



A vanishing result is also required. 

Lemma 6. Chow groups in proper codimension of C{Hr-i, -f^^-i) 
ish. 

Proof. Let F be a hyperplane in general position with respect to two 
distinct points p = Hr-i and q = Hl_^. The notation N C N , M C M 
of Lemma (|^) will be used. Let 

X = ei\F)ne,\p)ne^\q). 

Let p : X M be the proper forgetful morphism. Again, p{X) fl M = 
C{p,q). Let Z C C{p,q) be the open set of p{X) corresponding to 
Kontsevich stable maps satisfying the following conditions: 

(i.) The domain curve is P"*^. 
(ii.) The map meets p and q. 

Note F Hp, F Hq, and pHq are empty. By these conditions on Z, the 
map p^^{Z) ^ Z is finite and proper. Therefore, if Ai{p^^{Z))^Q = 0, 
then Ai{Z) ® Q = 0. Also, p-\Z) C A^. 

The quasi-projective subvariety 

p-i(z)cp(eH°(p\op.(d))) 



can be identified as follows. Let Li C P(U) correspond to maps p : 
P-*- satisfying p{l) G F. Let L2, L^o be the linear subspaces in 

P(U) where p{2) e p, p{oo) G q. Let Li n L2 H Loo = / C P(U). Then 

p~\Z)=I 

I is an open set of a linear subspace of P(0o H°(P-'^, Cpi(d))). Let / 
be the closure of /. It will be shown that / \ / has codimension 1 in 
/. The Chow groups of p~^{Z) of proper codimension therefore vanish. 
Hence all the Chow groups of Z of proper codimension also vanish. 

Let [Aq, . . . , Ar] be homogeneous coordinates on P"". Let 

F = {Ao-Ar), p= [1,0,... ,0], g= [0,... ,0,1]. 
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Let [S, T] be homogeneous coordinates on P-*-. Let 1, 2, cxo G P"*" be the 
points [1,1], [1,0], [0, 1] respectively. An element [fi] e P(©}i H°(P\ Cpi (d))) 
is given by an r-tuple of degree d homogeneous polynomials in S and 
T : [/o, . . . , /r]. The element [fi] is in / if and only if 

(i.) /o, • • • , fr span a basepoint free linear system on P-*-. 

(ii.) /o(l,l) = /,(l,l). 

(iii.) T divides /i,... , fr- 
(iv.) 5* divides /o, . . . , fr-i- 

The additional condition 

S divides fr 

is a codimension 1 condition contained in the set / \ /. Hence / \ / has 
codimension 1 in /. □ 



Repeated application of Lemma (^) shows the ring Ch{l,r,d) is gen- 
erated (as a Q- vector space) by the classes [C{Ha, Hh)] and the Chow 
groups of C{Hr-i, -f^r-i)- Lemma (||) shows the Chow groups of C{Hr-i, -f^^-i) 
vanish in proper codimension. Hence the classes [C{Ha, Hj,)] = (Ta ■ (Jb 
generate Ch{l,r,d). 

Via the classical Schubert calculus, the classes cTq ■ at ior < a,b < 
r — 1 are easily seen to span a basis of the Chow ring of the linear 
Grassmannian Ch{l,r,l). Consider the ring homomorphism 

r; : Ch{l,r,d) Ch{l,r,l) 

defined in section (Q). By Lemma @, 

Va>0, r;((T„) = d^+Va, 

Va,6>0, r;K-(T,) = d2+«+V„-a,, 

Therefore, the elements cTq ■ at for < a,b < r — 1 are independent in 
Ch{l,r,d). Since generation was established above. Proposition (0) is 
proven. In case k = 1, the injectivity of r* has been proven. 
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4. Equivariant Chow Groups 



Let G be a group. Let G x X — > X be a left group action. In 
topology, the G-equivariant cohomology of X is defined as follows. Let 
EG be a contractable topological space equipped with a free left G- 
action and quotient EG/G = BG. Consider the left action of G on 
XxEG defined by: 

g{x,b) = {g{x),g{b)). 

G acts freely on X x EG. Let X Xq EG be the (topological) quotient. 
The G-equivariant cohomology of of X, Hq{X), is defined by: 

H*a{X)^H:,^^{XxGEG). 

If X is a a locally trivial principal G-bundle, then X XqEG is a locally 
trivial fibration of EG over the quotient X/G. In this case, X Xq EG 
is homotopy equivalent to X/ G and 

HhiX) = H:^^^{X Xg EG) = i/;,„,(X/G). 

For principal bundles, computing the equivariant cohomology ring is 
equivalent to computing the cohomology of the quotient. 

There is an analogous equivariant theory of Chow groups developed 
by D. Edidin, W. Graham, and B. Totaro in [EG], [T]. Let G be a hnear 
algebraic group. Let G x X — X be a linearized, algebraic G-action. 
The algebraic analogue of EG is attained by approximation. Let V be 
a C- vector space. Let G xV he a^n algebraic representation of of 
G. Let W <ZV he di, G-invariant open set satisfying: 

(i.) The complement of 1^ in y is of codimension greater than q. 
(ii.) G acts on W with trivial stabilizers, 
(iii.) There exists a geometric quotient W W/G. 

W is an approximation of EG up to codimension q. By (iii) and the 
assumption of linearization, a geometric quotient X XqW exits as an 
algebraic variety. Let d — dim{X), e = dim{X XqW). The equivariant 
Chow groups are defined by: 

Atj(X)^A,^j(XxGW) (12) 

for < j < q. An argument is required to check these equivariant Chow 
groups are well-defined (see [EG]). The basic functorial properties of 
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equivariant Chow groups are established in [EG] . In particular, if X is 
nonsingular, there is a natural intersection ring structure on Af{X). 

Let Z he a variety of dimension z. For notational convenience, a 
superscript will denote the Chow group codimension: 

At,iZ)=AUZ), A^^,{Z)=A^{Z). 
In particular, equation (|12|) becomes: 

VO<j<g, A^a{X) = A^{XxGW). 
The following result of [EG] will be used in section (^. 

Proposition 3. Let C he the ground field of complex numbers. Let 
X he a quasi-projective variety. Let G he a reductive group. Let G x 
X ^ X he a linearized, proper, G-action with finite stahilizers. Let 
X — > X/G he a quasi-projective geometric quotient. Then, there are 
natural isomorphisms for all j : 

A^{X)(g)Q = A^{X/G)(g)Q. 



5. The Chow Ring of the Grassmannian and Af'^^pt) 

Let ^ S ^ C'"+^ -> Q ^ F be the tautological sequence on 
G(P'',P''). The following presentation of the Chow ring will be used 
in section (H). Let 

ci, . . . ,Cfe+i G Ch{k,r, 1) 

be the Chern classes of the rank k + 1 bundle S. These classes generate 
Ch{k,r,l). Let 

C{S) = 1 + Ci t + C2 + ■ ■ ■ + Cfc+i t''+\ 

—3— = 1 + pi(ci) t + P2{Ci, Cs) t^ + Ps^Ci, C2, C3) H 

c{S) 

where the latter is the formal inverse in the formal power series ring 
C[jj^, . . . , -i+jj^][[~]]. The ideal of relations among Ci, . . . , c^+i in Gh{k, r, 1) 
is generated by the polynomials 

{Pj \ j > r -k}. 

Geometrically, these relations are obtained from the vanishing of the 
j^^ Chern class of the rank r — k bundle Q for j > r — k. 

In section (H), a basic result on push-forwards is needed. 
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Lemma 7. Letn : P(S) — > G(P'',P'") be the canonical projection. Let 
C^p(S)(l) be the canonical line bundle on P(S). Then, for I > k, 

vr.( cl(Op(s)(l)) )=Pi-k e Chik,r,l). (13) 

Proof. Let ^ = Ci((9p(s)(l)). Certainly, tt^{C,^) = 1 = pq. The equation 

^fc+i + ci ^^= + ... + ^^ + 0^+1=0 
recursively yields ([T3|) . □ 

GL 

The equivariant Chow ring A* ''"''^ (pt) is computed to motivate the 
construction in (P). The notation of section (|ID will be used here. Let 
Vk+i be a fixed k + 1- dimensional complex vector space such that 
P(Vk+i) = P'^, Let U{k,n, 1) C 0o be the basepoint free locus. 
The codimension of the complement of U{k,n, 1) is easily found to be 
n — k + 1. GL(Vk+i) acts on U{k,n,l) with trivial stabilizers. As 
determined in section (1), there is a geometric quotient 

[/(fc,n,l)/GL(Vk+i) = G(P^P"). 

By the definition of the equivariant Chow ring, 

for < j < n — A;. By the presentation of the Chow ring of G(P^, P") 
given above, the relations among the generators ci, . . . ,Ck+i start in 
codimension n — k + 1. Hence, ^GLk+i(P^) is freely generated (as a 
ring) by ci, . . . , c^+i where Cj G A^^^^^^ipt). 



6. The Generation Argument 

Again, let U{k,n,l) C ®qV^^i be the basepoint free open set. As 
n —>■ CO, U{k,n, 1) approximates i?GLk+i. By the definitions, 

iU{k, r,d)) = {Uik, r, d) x gl,+, U{k, n,l)) 

for < j < n — k. Recall 

U{k,r,d)G^Sym'iV,\,) 
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is the basepoint free locus. There is a natural GL(Vk+i)-equivariant 
open inclusion, 

U{k, r, d) X U{k, n, 1) C Sym%V:^,) x U{k, n, 1), 



which yields an open inclusion 

U{k,r,d) Xgl,+, f/(A;,n,l) C05ym'^(n+i) Xgl,+, U{k,n,l). 



Let — > 5 — s> C'^^^ ^ Q — > F be the tautological sequence on 
G(P'^, P"). It is routine to verify 

Xgl,+, t/(A;,n, 1) = ^ Sym\S*) 



where the latter is the total space of the bundle 0o 5'?/m'^(S'*) over 
G(P'',P"). Let D be the complement of U{k,r,d) XcLk+i U{k,n, 1) in 

The Chow ring of 0q Sym'^{S*) is isomorphic to Ch{k, n, 1) via pull 
back. Let dim be the dimension of the variety 0q Sym'''{S*). Let 

tn : Adim-j{D) ^ A^(^Sym\S*)) 



be the map obtained by the inclusion D C Sym'^{S*). There are 
exact sequences of Chow groups 

A,,m-j{D) ^ A^i^Sym'^iS*)) A^{u{k,r,d)xGi^^^^U{k,n,l)) ^0. 



Let Ci, . . . , Cfc+i be the classes of Ch{k, n, 1) defined in section (P). 

Lemma 8. Pj{ci, ... , Ck+i) E Im{ir,) C v4-''(0g Sym''-{S*)) for all j > 
r — k. 



Proof. The proof involves an auxiliary construction. Let vr : P(S) 
G{P^, P") be the projective bundle associated to S. Let T = vr* ( 0[; Sym'^{S*] 
Denote the total space of the bundle T also by T. There is a commu- 
tative diagram. 

T > P(S) 



0S Sym'^iS*) 



16 



G(P^,P") 



There is a tautological rational evaluation map 

7:T 

A point r G T is a triple 

where v is element of the fc-dimensional projective space P(V) and 
fi G Sym'^(y*). The rational map 7 is obtained by 

Let -D be the set of elements t eT such that all the fi vanish at v. D 
is the locus where 7 is undefined. The important fact is 

7r(D) = D C Sym\S*) 


and TT is a projective, birational morphism. The Lemma will 

be proved by finding the class of D in A^,(T) and pushing forward. 

Let L be the line bundle Op(s)(c?) on P(S). Let L also denote the 
pull-back of Op(s) {d) to T. The rational map 7 is obtained from r + 1 
tautological sections of L on T. There is a natural equivalence 

H\G{V^, P"), Sym^(S*)) = H°(P(S), L). 

Also, there is a natural inclusion 

/7°(G(P'^,P"), Sym'^(S*)®0Sym^(S) ) CH°(T,L). 



Since the bundle Sym'^{S*)®Sym^{S) has a canonical identity section, 
the bundle Sym'^{S*) ® Sym'^{S)) has r + 1 canonical sections. It 
is straightforward to verify these r + 1 sections 2:0, . . . , -z,. of L on T 
yield the rational map 7. The base locus D is the common zero locus 
of the sections zq, . . . ,Zr. In fact , D is a nonsingular variety of pure 
codimension r + 1. Explicit equations show D is nonsingular complete 
intersection. Hence [D] = ci{LY^'^ G A^{T). 

Certainly 7r^,( ci{LY^^ ) G Imiin). Also, for all a > 0, 

7r,( Ci(L)'-+i+" ) = 7r,([D] n Ci(L)") G Im{iD). 

It remains to compute 7r*(ci(L)'"+^+°) G A,,(0g S'?/m°'(S'*)). But since 
push-forward commutes with fiat pull-back, it suffices to consider ci(L)''"'"^"'"" G 
A(P(S)) and compute 7r*(ci(L)'^+^+") G Ch{k,n, 1). By Lemma (|13D, 
since Ci(L) = d ■ ci(Cp(s)(l)), 

n^[Ci[Lj j — a ■ Pr-k+l+a- 
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Hence pj G Im{iD) for all j > r — k. 



□ 



By Lemma (^) and the presentation of Ch{k,r,l) given in section 
(|^), the following inequality is obtained: 

diruQ Ai^^^^{U{k,r,d)) < diniQ A^(G(P'^, P"-)). (14) 

Recall GLk+i x U(k, r, d) U(k, r, d) is a proper group action with 
finite stabilizers and geometric quotient Mpk(P'", d). Hence, by Propo- 
sition d^) and inequality (p!^ , 

diniQ A^'(Mpk(P^d) < dimQ Aj(G(P'^,P'")). 

The surjectivity of r* : Ch{k,r,d) Ch{k,r,l) obtained in section 
(0) implies 

diniQ A^(Mpk(P^d) > diniQ Aj(G(P'',P")). 

Therefore r* is injective. The proofs of Proposition (|l]) and Theo- 
rem (|l]) are complete. Since the subring of Ch{r, k, d) generated by 
the classes a"i, . . . , cr^-fc surjects onto Ch{r, k, 1) via r*, Ch{r, k, d) is 
generated (as a ring) by the classes (Xi, . . . , a^-k- 
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